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AHHOTAIIMA

Iens wuccrnenoBaHus COCTOMT B 00OOLICHUU
MIPUHIITIAa KOMOMHAINY IBIDKCHUH Ha KPYTOBBIC JIBU-
HKEHMUSL.

3amada, pemieHNI0 KOTOPOil MOCBAIICHA CTAaThs,
COCTOUT B AHAJUTHYECKOM OINHCAHUH TPACKTOpUH
KOMOWHHPOBAHHBIX IBIKCHUH.

MeTtoas! uccienoBanus. cnoap3yroTcss METOABI
aHalIuTU4YecKoM reomeTpuu. PaccmarpuBaercst koop-
nmuHatHast cucremMa X'0'Y', koTopasi Bpaiaercs B Koop-
nuHatHOU cucteMe X0y 6e3 yIioBOro YCKOpPEHHs CO
ckopocTbio ®. Pamuyc Bpamenus pasex p,. Ilpu sTom

Ox || 0, Oy || O'y". OOBekT a Bpamaercsi B KOOp/HHAT-
Hoii cucteme X'0'y' 6e3 yrIoBOro ycKopeHHUs co CKOpo-
CTbIO +@. Pajnyc BpalleHns PaBeH p,.

HoswmsHa paboTH COCTOUT B POPMYIIax 3ILTUIICA,
BEIPQKEHHBIX ~Yepe3 pPaguyChl IMPOTHBOMOIOKHBIX
BpAaIllCHUH.

PesymbraTel mccienoBaHUS: YCTAaHOBJICHO, YTO
P BPAILIEHUSIX B MPOTUBOMOJIOXKHBIE CTOPOHBI, TPACK-
TOpUS CYMMApHOTO JBYDKEHUS MPENCTaBIseT COOOi
QIIJTUTIC; OMPEJIENICHBI BCE CTaHIAPTHBIE XapaKTePUCTH-
KM DJUIMIICA MPUMEHHUTEIHHO K paccMaTpUBaEMOMY
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CIIy4ar0; YCTAHOBJICH HAKJIOH SJUIMIITHYECKOM TPAEKTO-
pUM; TMOKa3aHO, YTO €CIU TPAEKTOPHSA CyMMAapHOTO
JBIDKEHHS SIBISETCS DIUTHIITHIECKON ¥ TIONyOCH PaBHBI
(p, + p,) 1 |p, — p,l, TO 0OBEKT @ coBepuIaeT KPYroBoe

JBIDKEHHE B KoopauHaTHOH cucteme X'0'y' 6e3 yrioBo-
IO YCKOPEHHS CO CKOPOCTBIO —®; IOJO0OHO TOMY, Kak
pe3y/ibTaroM Cyneplo3UIUU ABYX HEYCKOPEHHBIX JIBU-
JKCHUH SIBIISICTCS TAaKXKe HEYCKOPEHHOE, T.e. paBHOMEp-
HOC W TIPSAMOJIMHEHHOE IBIKEHHE, TPH BPAIICHUSIX B
OJHY CTOPOHY TpPaeKTOpHS CyMMapHOTO IBWKCHUS
mpeacTaBiIsieT co0oi  OKPY)KHOCTB, TPH KPYTOBBIX
IOBIDKEHUSIX C KPaTHBIMH CKOPOCTSMH TPAacKTOPUHU
CYMMAapHOTO IBHIKCHUS MPEICTABISACT COOOH YIUTKH.

BriBoabI: MpakTUUECKUA aCMEKT UCCIEI0BaHUA
OIIpE/CNISACTCS TEM, YTO MOJy4YeHHbIe (HOPMYJIBI MOTYT
HEMOCPEACTBeHHO Hcmoib3oBaThest B CAIIP mpu BBI-
TIOJIHEHUHU KOHCTPYKTOPCKUX PaOoOT.

KioueBble cjaoBa: KOMOWHAIMS [IBH)KEHUI,
KPYTOBBIC JBIDKCHHS, ODJUIMITHYECKAas TPACKTOPHS,
KpYroBasi TPaeKTOPHs, KPaTHBIE CKOPOCTH.
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Abstract

The work objective is to generalize the principle
of combining movements into circular movements.

The problem to which the article is devoted is
the analytical description of the trajectories of
combined movements.

Research  methods.  Analytical  geometry
methods are used. The coordinate system x'0'y' is
considered, which rotates in the coordinate system x0y
without angular acceleration with © velocity. The

© ITonos M1.II., 2022

rotation radius is equal to p,. At the same time Ox || 0'x',

Oy || 0'y". Object a rotates in the coordinate system x'0'y’
without angular acceleration at the velocity + . The
rotation radius is equal to p,.

The novelty of the work realises in ellipse
formulas expressed in terms of radii of opposite
directions.

The results of the study: it is established that
during rotations in opposite directions, the trajectory of
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the total motion is an ellipse; all the standard
characteristics of the ellipse are determined in relation
to the case under consideration; the inclination of the
elliptical trajectory is established; it is shown that if the
trajectory of the total motion is elliptical and the semi-
axes are equal to (p, + p,) and |p, — p,|, then object a

moves along a circular in the coordinate system x'0'y'
without angular acceleration with velocity - o; just as
the result of the superposition of two non-accelerated
movements is also non-accelerated, i.e. uniform and

BBenenue
Pesynmprarom  cymepno3unuu - ABYX
HEYCKOPEHHBIX JBM)KEHHH SBISETCA TakkKe

rectilinear motion, with rotations in one direction, the
trajectory of the total motion is a circle; with circular
movements with multiple velocities, the trajectory of
the total motion is snail.

Conclusions: the practical aspect of the study is
determined by the fact that the formulas obtained can
be directly used in CAD when performing design work.

Keywords: combination of movements, circular
movements, elliptical trajectory, circular trajectory,
multiple velocities.

HEYCKOpEHHOE, T.€. PAaBHOMEpPHOE M MPsIMO-
JTUHeWHoe ABrxkeHue (puc. 1).

>

Y

=y

Puc. 1. CnoxeHne HEYCKOPCHHBIX IBUKCHUH
Fig. 1. Addition of non-accelerated movements

3nech V; — CKOpPOCTb KOOPAMHATHOM
cuctembl X'0'y’ B KOOpJMHATHOH CHCTEME
x0y, V, — CKOpOCTb O0OBEKTa & B B KOOPIH-
HatHO# cucreme X'0'y’, V, — CKOpOCTb 00B-
€KTa a B B KOOpJAMHAaTHOM cucteme X0y.

OLICBI/II[HO, 4YTO KOHCI BCKTOpPa A onuchIBaeT
OTPE30K IPSMOM JINHUH.

Ilenp wmccmemoBaHMs COCTOMT B 0000-
IIEHUH MPUHIIUTIA KOMOWHAIINY JIBI)KEHUH Ha
KPYT'OBBIE IBIKCHUS.

MaTepl/laJ'lbl, MOJ€J/IM, IKCIIEPUMEHTBI U METOAbI

Hcnonb3yroTest METO/Ibl aHAINTUYECKON
reoMeTpun. PaccmarpuBaercss KOoopAWHATHAs
cucrema X'0'y', koTopast Bparaercsi B KOopiu-
HatHOH cucteme X0y 6e3 yrmoBoro yCKOpeHHs
CO CKOPOCTBIO ®. Pamunyc Bpaienus paseH p,.

Pesynbrarnl

Bpawenua ¢ npomugononocnvie
cmoponn. Teopema 1. Ilpu BpameHusx B
IMPOTHUBOITIOJIOKHBIC CTOPOHBI TPACKTOPUA
CYMMAapHOTO JIBUXKEHUS TPEICTaBIseT co00i
IUTHIIC.
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3amaya, penIeHNI0 KOTOPOil MOCBSIICHA
CTaThsl, COCTOUT B QHAJTUTUYCCKOM ONMHCAHHU
TPaeKTOPH KOMOMHUPOBAHHBIX JIBHKCHHH.

AKTyanpbHOCTh pPabOTBI 00YCIIOBJIECHA
TEM, YTO B MEXaHHYECKUX CHCTEMaX IIMPOKO
pacnpocTpaHeHbl KOMOMHUPOBAHHBIC Bpallla-
TENbHBIC IBM)KEHHS, ¥ TIPH KOHCTPYHPOBAaHUH
B)XHO MPEJCTABIATh XapaKTep CYMMapHOIO
npwkenns [1-10].

ITpu stom Ox || O'X’, Oy || O'y". O6BekT @ Bpa-
mraercsi B koopauHatHo# cucreme X'0'y' Ge3
YIJIOBOTO YCKOPEHHUSI CO CKOPOCThIO +®. Pa-
JIMyC BPAIEHHUs PABEH p,.

JHokazamenbcmeo.
B xoopnuHatHOU cucreme X0y Hagayo

0" koopaunatHou cuctembl X0y ompemens-
€TCs CIICYIOLIM 00pa3oM.



X =p,cos(ot+¢,), Y, =p;sin(ot+¢,). 1)
B koopaunaTHol cucteme X'0'y’ 00OBEKT a omnpenesseTcsi, COOTBETCTBEHHO,
X, =p, COS(—wt +¢,), Y, =p,sin(-ot+¢,),
rue ¢,, ¢, — HavyajabHbIe (a3bl.
B koopaunaTHO# cucteme X0y OOBEKT & ONpeAessieTcs CICAYIONM 00pa3oM.
X=X +X, =p, cos(wt +@,) +p, coOS(—ot +¢,) ,
Y=Y, +Y, =psin(et+¢,)+p,sin(-ot +¢,) .
X =coswt(p, Cos, +p, COSQ,) —sinwt(p, sing, —p,sine,) ,
y =sinwt(p, cose, —p, Cosp, ) +coswt (p, sing, +p,sing, ).
N3 5Tux BhIpa)keHU ONpeaestoTCs

sin ot = Y (P1COSPL +p, cosg,) X(p,sing, +p,sing, )

P =P P —P; ’
x(p, cOs @, —p, COS L
coswt = (pl (21 [322 (P2)+y(plsln([;1 pz2S|n(p2).
PL P> Pr =P

sin® ot +cos? wt =1,
2 2 2 . . 2 . .
V" (P.COSP, +P, C0SQ, ) + X" (pSiNG, +p,SiNG, )" 2XY(p,COSQ, +p,COSQ, ) (p,SiNG, +p,SING, ) |
2 2
(p?-p3) (p?-p3)
2 - . . .
i x? (pl CosS®, —p, COS(Pz) + y2 (plsln P =P, Sm(Pz)Z + ny(pl COS @, —p, COS P, )(plsln(pl —P; Sm(pz)
2 2
(p?-p3) (pf-p3)
X[ pf +p3 —2p,p, COS(; + ;) | VY i +p5+20.p,C08(0, +0,) | 4xyp,p, sin(p, +9,)
2 2)2 2 2)2 2 2)2
<p1 _pz) (pl _pz) (pl _pz)
HOCJ’I@I{HGG BBIPpAXKCHHUC IIPCACTABIIACT ﬂoxa3ameﬂbcms0.

coboii popmyity JuIUIICa. IIpu ycnoBuu ¢, =@, =0 BelpaxkeHue (2)

Teopema fokasaHa. MIPUBOJUTCS K KAaHOHHYECKOU popme
Teopema 2. Ilonyocu duryper (2)

ONpeNENsIOTCs KaK (p, +p,) U |p,—p,|.

=1. 2

X (Pl +p3—2pp,) LY (Pl +pi+20p,)
(p2—p2) (p2—p2)

2 2
X 7T Y 2 =1. (3)
(p1+p2) (pl_pz)
TeopeMa noka3ana. BEJUIMBO
CaencrBue 2-1. Ecnmu p,=p,=p, TO f, =(J_rz PP, ,0) :
TPACKTOPHUS CYMMapHOTO JBUKECHUS SIBIISETCS
npsMonuHeHol. Ee muHa paBHa 4p .

CaencrBue 2-4.

2 2
7‘1=(p1+ pz) ’ 7»1=(p1— pz) :
Teopema 3. B KOOpIMHATHON cUCTEME
X0y SIIMOTHYECKass TPACKTOpUS  HMEET

Jlanee B cneactBusix 2-2 — 2-4 mpen-
CTaBJICHBI CTaHIAPTHBIC XapaKTCPUCTHKHU dJI-
JUTICA MIPUMEHUTENBHO K PacCMaTpPHUBAEMOMY

cIydaro. HaKJIOH (¢, +¢,)/2.
CaencrBue 2-2. Jlokazamenbcmeo.
m Ecrm ¢opmy (3) moBepHyTh Ha
_m' (¢, +¢,)/2, OHa mpeodpaszyercs CIeAYIOIINUM

CaencrBue 2-3. Jlna ¢popmsl (3) copa- 00paszoM.
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2 2
xcos 2t P2 +ysin P1* P, _xsin &t P2 ercosi(plﬂPz
2 2 2 2 1

(P, + p2)2

X* [ 7 +p5 = 2psp, COS(; + ;) | A [Pi +p3+20.0,008(0, +9,) | 4xyp,p,sin (¢, +9,)

(O p2)2

(p2-p2)
D70 BIpaXKeHHE UICHTHIHO hopmyie (2).
Teopema nokasana.
Ipumep. Eciu ¢, =120°, ¢,=-30°, TO
SJUIMITHYECKAsA TPAEKTOPHs HMMEET HaKJIOH
(o, +0,)/2=(120-30)/2=45° (puc. 2).

v

Puc. 2. Dmnuntudeckas TpaekTopus
Fig. 2. Elliptical trajectory

(p2—p2)

(0F —p2)’
HetpynHo nokazaTh Teopemy, oOpart-
HYIO MEPBOIl.
Teopema 4. Eciu TpaekTopus cym-
MapHOTO JIBUKCHHUS SBISICTCS ILTUITHYCCKON
U TIOJIyOCH PaBHBI (p, +p,) U |p,—p,|, TO 00b-

eKT a COBepIIaeT KPYroBoe JIBMIXKEHHE B KO-
opauHatHoi cucteme XO0'y' 6e3 yrioBoro

YCKOPEHUS CO CKOPOCTBIO —® .

Bpawenus 6 0ony cmopony. Teopema
5. Ilpu BpaiieHusIX B O/IHy CTOPOHY TPaeKTO-
pusl CyMMapHOTO JBIM)KCHUS TPEACTABISET
c000i1 OKPYXHOCTb.

Jlokazamenvcmao.

B xoopaunatHoii cucreme x0y Hayano

0" koopauHatHoOM cuctembl X0y’ omuchiBa-
etrcst popmymoit (1).

B xoopaunaraoi cucteme X0y’ 00b-
eKT & OMNpPEIeIACTCS CACTYIONMM 00pa3oM.

X, =p, Cos(wt +¢,), Y, =p,sin(wt+¢,) .
B koopauHaTHOM crcTeMe X0y OOBEKT @ ONPENENAETCs, COOTBETCTBEHHO,.
X, =% +X, =p, Cos(wt + ;) +p, COS(wt +¢,) ,
Yo =Y +Y, =psin(ot + @) +p, sin(ot +¢,) .
Jliist pajyc-BeKTopa A CIpaBeIuBo Mpeodpa3oBaHue
A% = x2 +y? =p? cos(wt +@,) + p3 cos(wt + @, ) + 2p,p, Cos(wt + @, ) cos(wt + ¢, ) +

+p? sin® (ot +,) + p; sin(ot + ¢,) + 2p,p, sin(ot + @, ) sin(ot +¢,) =

=p; +P5 +2p,P, COS(P, — P,) .

Bennuuna paanyc-Bekropa A HE MEHS-
eTcsa. OTO BO3MOJKHO JIMIIIb B TOM cily4ae, ec-
JM TPAEKTOPHUSI CYMMApHOTO JIBHYKCHHS SIBIIS-
€TCsl KpyTrOBOM.

Teopema noka3ana.

CaencrBue 5-1. O0ObexT a Bpamiaercs
B KoopauHaTHOU cucteme X0y 0e3 yrioBoro
YCKOPEHHUS CO CKOPOCTBIO .

CaencrBue 5-2. Paauyc BparieHus pa-
BEH

p=1JPl +P5 +2pyp, COS(P, — ;) .
HerpynHo nokaszate Tteopemy, oOpar-
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HYIO ITATOM.

Teopema 6. Eciin TpaekTopust cymmap-
HOTO JIBUKCHUS SIBISIETCS KPYTOBOM, TO 00b-
€KT a COBEpIIAET KPYroBOE JBIKEHHE B KO-
opnuHatHOM cucteme X0y’ ©e3 yrioBoro
YCKOPEHHUS CO CKOPOCTBIO +.

Teopema 7. Eciin cKOpOCTBH BpallieHHs
oObekTa a B KoopauHaTHOW cucteme X'0'y'
paBHa HYIIO, TO TPAaEKTOPHS CYMMAapHOTO
JIBIDKEHUS SIBJISIETCS. KPYTOBOM C LIEHTPOM B
TOYKE €  KOOPAMHATAMU X, =P, COSQ,,



Yo =P, SiNQ, ¥ C paguycom p; .

Llokazamenvcmeo.

B xoopauHatHOM cucreme X0y Hagaio
0" koopaunatHoi cuctembl X'0'Y' omuchiBa-
etcst hopmyioit (1).

B koopmunatHoii cucreme X0y 00b-
eKT a OMpeaesseTcs CIeIYIONUM 00pa3oM.

X, =P, COSP,, Y, =P, SiNG,.

B xoopnunatHoi cucteme X0y OOBEKT
a OIpeaensieTcsi, COOTBETCTBEHHO,.

X, =X, + X, =p, CoS(ot +@,) +p, COSQP, ,

Ya=Y1+Y, =psin(ot+¢)+p,sing,,

X, =P, COSP, =, COS(0 + ),
Yo =P, SiNQ, =p; sin(wt +¢,),

(% =P, C08Q,)" + (Y, —p,SiNQ,)" =p;.

Teopema noka3ana.

Kpyzoevie oOeuicenus c¢ Kpamuvimu
ckopocmamu. OOBEKT a BpaiaeTcs B KOop-
nuHatHOU cucteme X'0'y' 6e3 yrioBoro ycko-
PEHUS CO CKOPOCThIO +20, @, =@, =0.

B xoopaunatHoil cucreme x0y Hayano
0" xoopaunatHoM cuctembl X'0'y' ompenens-
€TCsl CJIEIYIOIIUM 00pa3oM.

X, =p,Cosot, y, =p,Sinot .

B koopmunatHoii cucreme X0y 00b-

€KT & ONpEeeIsaeTcsi, COOTBETCTBEHHO,
X, =p,C0S2mt , Yy, =p,Sin2mt.

B xoopaunatHoil cucteme X0y 0OBEKT

a ompenensiercs ciaeayoUIM 00pa3oM.
X, =p, Cosmt + p, COS2mt ,
Yy, =p,Sinot +p, sin 2wt .

Ha puc. 3 moka3zana tpaekTopusi 00beK-

Ta a (pl =P, )

Oo6cyxnenue/3ak/aouenne

YcTaHOBIIEHO, YTO IpU BPALICHUAX B
MIPOTUBOIIOJIOKHBIE CTOPOHBI TPAeKTOpUs
CyYMMapHOTO JBM)KEHHS NpPEACTaBIsET CO-
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Puc. 3. Tpaexropus Tuna yauTku
Fig. 3. Snail type trajectory

B nossipHBIX KOOpAMHATAaX 3Ta TPaeK-
TOpUs IIPEICTaBUMA B BULC

p=p; /2+2cos§(p .

Iletnsa B TPACKTOPHH IIOABIIACTCA IIPU
BBITTIOJITHCHUU COOTHOHICHI/Iﬁ
p,Sinwt < p, sin 2wt

p,Sinot < p,2sinmtcosot ,
p, <2p,cosomt .
Ecmu p, >2p, merns He obOpasyercs.
Takas TpaekTopus mokasaHa Ha puc. 4.

A
\
J |

Puc. 4. Yiurka 6e3 netinu
Fig. 4. Snail without a loop

0011 ’IunIIC.
[Ipu BpamieHusx B OJHY CTOPOHY Tpa-
eKTOpI/ISI CYMMapHOFO AIBUXXCHUA Hpe}ICTaB-



nseT co00il OKPYKHOCTb.

[Ipu KpyroBBIX IBHXEHHUSAX C KPAaTHBI-

MH CKOPOCTSMHU TpPAeKTOPUU CYMMApPHOTO
JBUKEHUS IPEACTaBIsAET cO00M yIUTKHU.
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