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OIIEHKA D®®EKTUBHOCTHA MHOI'OMEPHOM MUPAMM/IBI

W3y4eHO OAHO W3 aKTyalbHBIX HAMPABICHUH B
obnacTy 6OJIBIINX JaHHBIX — 00paboTKa MHOTOMEPHOM
uapopmauuu. PaccMoTpeHa ogHA U3  BO3MOXHBIX
CTPYKTYP AAQHHBIX — MHOTOMEpHAsl NUPaMHIa, KOTOpast
[I03BOJISICT BBINOJIHATE MHOTHE ONEPAllMy HAaJ JTaHHBI-
Mu co crnoxnocteio O(1) mu6o O(logn). [IpuseneHs

OIMCAHUE, aHAM3 U OleHKa dPPEKTHBHOCTH MHOTO-
MEPHOM MUPaMUJIBL.

KunroueBble cjI0Ba: MHOrOMEpHas MUpaMuia,
0a3oBble omepaiud, pasHoBuaHOocTH K-d mmpammn,
yinyumenne K-d mupamug, 6oibinas pasMepHOCTb JaH-
HBIX.
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ASSESSMENT OF MULTIDIMENSIONAL PYRAMID EFFICIENCY

The paper deals with one of the urgent trends i
the field of big data — multidimensional informatio
processing. One of possible data structures — diulti
mensional pyramid which allows fulfiling many op-
erations with the complexity O(1) or O(logn) is end
consideration. For basic operations there are gilren

shown. The assessments of operation complexity with
these data depending upon their dimensionality are
given. The analysis of multidimensional pyramidi-eff
ciency for its different modifications is shown.
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BBenenue

B HacTosimiee BpeMss B MHUpPE aKTHUBHO
BEIyTCsl pabOTHI IO MpobIeMe OOIBITNX JaH-
weix (Big Data). TpyaHocTd cBsi3aHbl HE
TOJBKO C OOJIBIIMM OOBEMOM MOAaHHBIX, HO H
CO CIIO)KHOCTBIO OOBEKTOB JAaHHBIX M HX
B3aMMOOTHOIIICHHUSIMHU.

OOBEKTBI C MHOTOYHUCIICHHBIMHU Iapa-
METpaMH JIaJIeKO HE BCETJIa MOKHO CBECTH K
OJTHOMY TIapaMeTpy ¢ MOMOIIbIO CBEPTKH JTHU-
00 yMEHBIIIEHUS pa3MEpPHOCTH OOBeKTa [2].
ATNBTEpHATUBON B OSTOM CiIy4ae SIBISETCS
MPUMEHCHHE MHOTOMEPHOW MOJCIH JaHHBIX
[1]. OTHOIIEHUST MEXIY TaHHBIMH CYILIECT-
BEHHO BJIUSIIOT HAa BPEMs BBIIOJTHCHHSI OCHOB-
HBIX Ollepaluil Hajg HUMHU. Ecim anroputm
9acTO HCIIOJIB3yeT OIEPallHd «BCTABHTH»,
«HAUTH  MaKCUMyM/MUHHUMYM>»,  <yJIaJIUTh
MaKCUMYM/MUHHUMYM», «yIaJdTh 3adaHHBINA
DIEMEHT, <U3MEHHUTH 3aJaHHBIA DJIEMEHT» U
HEKOTOpBIC JApYyrue, TO 37eCh BechbMa Y00-
HBIMHU SIBJISIFOTCS TUPAMHUJIATBHBIC CTPYKTYPbI
naHHbIX [3]. OHH MO3BOJSIOT BBINOJIHSITH
OOJBIIMHCTBO OMEpaluii 3a OJWH IIar, T.e.
MPAKTUYECKH HE 3aBUCAT OT Pa3MEPHOCTH 3a-
1add, MO0 UMEIOT Jorapu(PMHUUECKYIO CIIOXK-
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provement, data large dimensionality.

HoCcTh (B XymiieM ciydae). OJHON U3 Takux
CTPYKTYp SIBJISIETCSI MHOTOMEpHas MUpaMua.

Hns s>ddexTuBHOrO  mpeACTaBICHUSA
MHOTOMEPHOW MPHOPUTETHOM OuYepean HC-
none3yercs K-d mupamuna [7]. bazosas dop-
Ma K-d mupamuabl He HCIONB3YeT AOMOJIHH-
TEJIBHOTO MPOCTPAHCTBA, TPEOyeT JTUHEHHOTO
BPEMEHH Ha MOCTPOCHUE, JIOTapUPMUIECKOTO
BPEMEHH JJIsi BCTaBKH, YIAJICHUS WU U3Me-
HEHHUsI JTI000T0 AIIEMEHTa o4uepenu U oodecre-
YMBAET MOCTOSHHYIO CIOXHOCTh JOCTyHa K
JIIEMEHTaM, COJEpKaIllMM  MUHUMAaIbHbBIN
KJTI04 J1I000r0 n3Mepenus. bosiee Toro, cTpyk-
Typa MOXET OBbITh paciivpeHa 10 MHOTroMep-
HOM JBYCTOPOHHEH IPUOPUTETHOM OdYepenu.
{1 HEKOTOPBIX MPHUIIOKEHUN ONTUMAIbHBIM
BapUaHTOM OyIyT MHOTOMEpPHBIC IMPUOPUTET-
HBIE OYepe/H.

[Tocne pa3paboOTKM €IUHON CTPYKTYpHI
oTIajga HEOOXOIMMOCTh B JIONOJHHUTEIbHOM
MaMSTH Il XpaHEHUS CBsI3€H, TOTIOTHUTEIh-
HBIX OIEepalusaxX Uid MONACPKKU Pa3ITUYHBIX
IIPUOPUTETHBIX OTHOLIEHUU. I[Ipu ucnomab3o-
BaHUM HESBHOro mpezcrasieHus K-d mumpa-
MU/a He TpeOyeT IOMOJHUTEIbHONH HaMsTH
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s ykaszareneid. bomee Toro, k-d mupamuma
MOKET TIOIICPKUBATh HEKOTOPhIE HIIH BCE
OIepanuu B JIIOOOM KOJHUYECTBE M3MEPCHHH,
B OCOOBIX CIly4asx - COJEp)Karb paHee H3y-
YEHHBIE CTPYKTYPHl (THIA JBYCTOPOHHHX
ouepenei).

Dra nupamuaa ceszana ¢ K-d mepeBbs-
MH, KOTOPBIC PACIIHPSIOT JCPEBbS OUHAPHOTO
IIOMCKA JIO HECKOJBbKHX KiFouei. OCHOBHBIM
HenoctatkoM K-d nmepeBbeB sBNISIOTCSA TPYII-

HBIC OMepaluy yoaJeHUs W OaJaHCHPOBKH
nepera. [Ipencrarnennas K-d mupamuga ae-
TOMaTu4yecku OanmaHcupyercs u 6oiee mpocTa
B TIPEICTABICHUH.

JleTalbHBIN aHAW3 CIOXKHOCTH OIepa-
it Hag K-d mupamuaoi MoxHO HaiiTH B [6)].

Mununmanbhas K-d mupamuma H orpa-
’KaeT MHOXECTBO JJICMEHTOB, KaX/Iblii U3 KO-
TOpBIX colepskuT K kmoueit key,, key, ...,

key,, tae Key COOTBETCTBYET MHOIHOCTHIO

YHOpsAA04EHHOMY MHOXKeECTBY K.
[Mupamuna H sBusgercss OWHAPHBIM
JIEPEBOM,  YAOBJIETBOPSIOIIAM  CIEAYIOLIAM

Ba3oBrbie onepanun Hax 2-d nupamunoi

Camoil BaXHON omnepanueit sBIsSETCA
BOCCTAHOBJICHHE OCHOBHOTO CBOICTBa INupa-
munel. [Ipennonoxum, uto B 2-d mupamuie
OJIVH y3€J U3MEHEH.

Aneopumm BCIIJIBITHE (yszen). nns
KaXJ0TO TMpeKa y3ji1a HaduHasi ¢ KOpHS Mpo-
BEPUTh OCHOBHOE CBOMCTBO MHpPaMUIbI MEXK-
Iy IPEAKOM U Y3JIOM; €CITH OHO HapyILEeHO, TO
MOMEHATh UX Mectamu. Ha puc. 2a m3oOpa-
xkeHa 2-d mupamuaa ¢ u3MeHEHHBIM (Hemnpa-
BUIBbHBIM) y3iioM (5), Ha puc. 20 - pe3ynbTar
pabotst ipotienypsl BCIIJIBITHE.

[Tocne Takol mnpouenypsl BCE Y3IIbl,
KpOME OJHOTrO, OyIyT COOTBETCTBOBATH OC-
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YCIIOBUSIM:
1. H —nonHOe OGuHApHOE EPEBO.
2. H OIS P>)KUBACT OCHOBHEIE

cBoicTBa K-d mupamupr:
* JJIEMCHT B KOPHE MMEET HaMMEHBIIIEEe
3HaueHHe KiIo4a Key, B nepese;

* K&KIbI ypOBEHb JEpEBa, KpPATHBIN
COOTBETCTBYIOIIEMY KIItO4y Key, comep ut
HaUMEHBIIHMKA Kirou Key B cBOéM mojaepeBe
(mpyrumu cinoBamu, B Kk-d mmpammme yszen
YPOBH: | MMeeT HanMeHbIMH K04 Keyy, g
k+1 B IOIZEPEBE).

OmpenenuM YpOBEHb y3jia Kak YHCIIO
y3JI0B Ha MyTH OT KOPHS K JaHHOMY Y3IIy.
Yposens i=| log nl, rie n —HoMep dIemenTa
BHYTPHY IHpaMuIbl. BeICOTa MTUpaMu/IBI paBHA
HauOosblieMy ypoBHIO €€ y310B. Ha
NpPaKTHKEe  BBICOTA  MUPAMHIBl  OOBIYHO
3HAYUTENIBHO OOJIBIIE, YEM YHCIIO H3MEPEHHI.
Msb1 Oymem HaseiBath K pasMepHOCTBIO
nupamuapl.  Hanpumep, 2-d  nmpamuzaa
IoKa3aHa Ha puc. 1.

OueBuano, urto K-d mmpammma moxer
OBITH MPEACTaBIICHA KaK SIBHO, TaK M HESBHO
(B Buze maccuBa). Eciiu He yKa3aHO MHOE, MBI
OyzmeM paccMarpuBarh SIBHOE MPEICTaBICHHUE.
Jlerko 3aMeTHUTh, YTO OTHOMEPHAs MUpaMHIA
SIBJISIETCSl OMHAPHBIM JEPEBOM, a JIBYXMEpHast
c key,=-key, mms Bcex y3moB — mMmin-max
nupamuioit [4].

PaccmoTrpum omepariu Ha npumepe 2-d
nUpaMu]], 3aTeM 0000IIMM U3JI0KeHHOE 110 K-
d mupamu.

HOBHOMY CBOWCTBY NMHUpaMUbl, TO3TOMY Ham
HY)KHO BCETO JIUIIb BOCCTAHOBUTH MOPSIIOK B
nojjepeBe, KOPHEM KOTOPOro SIBJISIETCS He-
MPaBUJIbHBIN y3€ll. DTO JeNaeT CIEAYIOIINi
PEKYpPCHUBHBIN aJTOPUTM.

Aneopumm IIOI'PYI)KEHUE (yzen): nns
KaXXJI0r0 TOTOMKa pPaccMaTpuUBaeMoro ysia
MIPOBEPSIETCS] OCHOBHOE CBOMCTBO MHUHUMAJb-
HOM Mupamujbl, B cllydyae HapylIEHUs 3TOrO
CBOICTBA AJIEMEHTBHI MEHSIOTCS MECTaMU U
npouenypa [IOI'PYKEHUE BbIONHSETCS
PEKYPCHUBHO.

Ota mponenypa mMokasaHa Ha puc. 2B,
rie HempaBWiIbHBIA y3en (puc. 20) BoccTa-
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HABJIMBAETCSI OTHOCUTEIBHO €ro MOTOMKOB. Tenepr mpouenypy BOCCTaHOBJICHHUS
[Tpouenypa MokeT OBITH MpenCTaBICHA Kak OCHOBHOTO CBOMCTBA MHUPAMHABI MOXHO
npoueaypa MNPOTATKUBAHUS HENPaBUIHHOTO MPEICTaBUTh CIEAYIOIUM 00pa3oM:

Yy3Jia BHU3 IO IMUpaMUC.

AnropuTM BOCCTAHOBJIEHUE( y3ei1)
BusBaTh BCIJIRTUE( y3eu)
BeiseaTh IIOI'PYXEHUE( yzen)

Kouern

a) VcxomHoe TONOKCHUE TIHPAMHUIIBI C
M3MEHEHHBIM JJIEMEHTOM;

PAIOM C DIEMEHTOM CTOUT €r0 HOMEpP, BHYTPH -
wiroun: keyl ¢Bepxy) u key2 Cuusy).

6) BCIIJIPITHUE

Ilaz 1. CpasuuBarorcs snementsl 5 u 1 mo keyl.
OCHOBHOE CBOMCTBO MHPAMHUIbI  BBIMOIHSIETCS.
DJIeMEHTBI MECTAMU HE MEHSIEM.

Ilaz 2. CpaBHuBaroTcs 3jeMeHTE 5 1 2 110 key2.
OCHOBHOE CBOWCTBO NMHUPaMHJbl HE BBIMOIHIETCS.
MeHsieM 3JIEMEHTBI MECTAMH.

B) [IOI'PY)KEHUE

Llaz 1. CpaeuuBatorest anementsl 5 u 20 no keyl.
OCHOBHOE CBOWCTBO NHpPaMHJbl HE BBIIOIHSIETCS.
MeHsieM 3IIeMEeHTBI MECTaMHu.

Ilaz 2. CpaBuuarorcs snementsl 10 20 mo key?2.
OCHOBHOE CBOIMCTBO NHpPAaMHUABI HE BBIIIONHAETCS.
MeHsieM 5IIeMEeHTBI MECTaMU.

Puc. 2. Tlpumep BOCCTaHOBJICHHUSI OCHOBHOTO CBOMcTBA 2-d mupaMuisi

basupyromuecs Ha 3TUX aJIrOpPUTMAX 0aBUTH €ro B KOHEI MUPAaMUABI U BOCCTaHO-
omepanuu Haa 2-d THpaMUAON JTOBOJBHO BUTb €€ OCHOBHOE CBOMCTBO. [IpuMep nan Ha
MIPOCTBHI. puc. 3.

JIns BCTaBKM 3J€MEHTAa HaM HYXHO J0-
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a) Ucxomnnas nupamua. Berasisiercst 2141
aneMeHT ¢ kiarouamu key1l=09, key2=06.
OCHOBHO€ CBOHCTBO MUPAMHUIBI HAPYIICHO.

6) BCIIJIBITUE

Illaz 1. CpaBuuBatorcs snemeHTsl 21 u 1 mo
keyl. OcHOBHOE CBOWCTBO MHpPAMHUJBI
BBHINIOJIHACTCS. ODJEMEHThl MECTaMH  He
MEHSIEM.

[llae 2. CpaBHUBaroTCS MeMeHTH 211 2 o
key2. OcHoBHOE CBOWCTBO MHUPaMHIbI HE
BBITIOJIHSACTCS. MEHsIEM 2JIEMEHTHI MECTaMHU.
Illaz 3. CpaBHuBarotcs snemeHTsl 211 5 o
keyl. OcHOBHOE CBOWCTBO IHPaMHJIBI
BBITIOJTHACTCS.

Illaz 4. CpaBuuBarorcs 3iaementsl 21 u 10
o key2.OcHOBHOE CBOHWCTBO MIMPAMHUIIBI HE
BBITIOJIHSACTCS. MEHsIEM 2JIEMEHTHI MECTaMHU.

Puc. 3.BcraBka snemenTa B 2-d nmupamuy

Jns ynaneHus MUHUMAJIBHOTO 3JIEMEH-
Ta MO K04y Key, MBI JOKHBI TTOMEHSTH
MECTaMH KOPEHb C 3THUM 3JIEMEHTOM M BOC-
CTAHOBUTH MOPANOK NupaMuibl. B aTom ciy-
gae HEOOXOAMMO BBIMOJHUTH TOJBKO IMOTPY-
xenue. [Ipumep nan Ha puc. 40 u 4B mis nu-
pamubl ¢ puc. 4a.
[Ipu ynaneHnu MUHUMAIBHOTO 3JIEMEH-
Ta 1Mo KiIrouy Key, Mbl cHauana pacroyiaraem
€ro CpeaM MEpPBBIX TPEX AIEMEHTOB MUPAMMU-
Jbl. 3aTeM Mbl MEHSEM €ro MeCcTamMu C Io-
CIEAHUM DJIEMEHTOM NUpaMUIbl U BOCCTa-
HAaBJIMBA€M OCHOBHOE CBOWCTBO MUPAMU/IBI.
Jns ynaneHus: npou3BOIBLHOTO JIEMEH-
AnropurMm CO3JATHE( nupammna,
BrisBaTh
BreizBaTh
BreizBaTh
Konern

I[IOT'PYXEHUE( kKOpEeHE) |

keyi)
COBIIA Tb( JileBoe rnonnepeBo,
COBJIATE( npaBoe_nonmepeso,
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Ta (C U3BECTHOM MO3HUIUCH) MBI TPOCTO MEHSI-
€M €ro MeCTaMH C IOCJIEeIHUM DJIEMEHTOM B
MUpaMuJie U BOCCTAHABIMBAEM OCHOBHOE
CBOMCTBO. UTOOBI M3MEHHTH IMPOU3BOIHHBIN
AJIEMEHT, HY>KHO BBITIOJIHUTh U3MEHEHUE dJie-
MEHTa, a 3areéM BOCCTAaHOBUTb OCHOBHOE
CBOMCTBO MUPAMU/IBI.

Co3nmanne 2-d mupamuabl MOXOXKE Ha
co3llaHue OMHAPHOU MUPAMHIIBI, T. €. OHO BBI-
MOJIHSIETCSL CHU3Y BBEpX. MBI OMUCHIBAEM €T0
B peKypcHUBHOU (popme, XOTsl peKypCcHs HE SIB-
nsiercs HeoOxonuMon. OHa ymporniaeT o0bsc-
HEHHE, TaK KaK HMMEeT IMapaMeTp, MOKa3bl-
BAIOLIUNA KJIHOY YPOBHSI.

KeYnmod(i, 2)+1);
KeYnod(i, 2)+1);
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a) Ucxomauoe mosokenue 2-d mupaMuibl.

0) Ynanenue min keyl:

Illae 1. VYpamsercss diemMeHT 1, Ha ero MecTto
Becrapisiercs:  anement  20. CpaBHHBAIOTCS
snemedTsl 1 u 5 mo keyl. OCHOBHOE CBOMCTBO
MUpaMUbl HE BBIMONHSACTCS. MEHSIeM 3JIeMEHThI
MECTaMH.

Llae 2. Cpapuuatorcs snementsl 10u 5 mo keyl.
OCHOBHOE CBOMCTBO MHUPAMU/IbI BBITOTHSIETCS.

B) Ynanenue min key2:

Ilaz 1. Ynansgercs 1eMeHT 2, Ha €ro MecTo
Becrapisiercs:  anmement  20.  CpaBHHBArOTCS
snemedTsl 2 U 9 mo key2. OCHOBHOE CBOMCTBO
MUpaMUbl HE BBIMONHSAETCS. MeEHsIeM 3JIeMEHThI
MeCTaMu.

Llaz 2. CpaBauBaroTcs nementsl 4 u 9 o keyl.
OCHOBHOE CBOWCTBO MUPAMH/bI HE BBIIOIHICTCS.
MeHsieM 3JIEMEHTBI MECTaMH.

Llae 3. CpaBuuBatorcs sneMentsl 18 u 9 mo key?2.
OCHOBHOE CBOICTBO MTHUPAMH/IBI BBITONHSIETCS.

Puc. 4. HpMMep yaajaeHus 3JIEMCHTAa ¢ MUHUMAJIbHBIMU KJIIOYaMH1 U3 2-d nmupaMuabl

IIpumep nokaszaH Ha puc. 5.
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Bunapnoe nepeBo, npencrasistoniee MHokecTBo 13 20 2-  BoccTaHOBJIEHME OCHOBHOTO CBOMCTBA MUPaMU/Ibl Ha 4-M
d anemenToB ypoBHe mo key2

BoccTaHoBIIeHHE OCHOBHOTO CBOMCTBA Mupamubl Ha 3-M  BoccTaHOBICHHE OCHOBHOTO CBOMCTBA MTUPAMUIBI HA 2-M
ypoBae mo keyl ypoBHe mo key2

BoccraHoBiieHre OCHOBHOTO CBOHCTBA MHpaMuAbl Ha 1-M
ypoBHe 1o keyl

Puc. 5. Co3nanue 2-d nupamuisi

2-d nmupamuga U3 N 2IEMEHTOB MOXET umerot cnoxaocts O(log n) @ xymiem ciy-
ObITh co3nmana 3a Bpemst O(Nn). B rakoii mupa- Jae).
MHJIC TIOUCK 3JIEMEHTa ¢ MHUHUMAJbHBIM 3Ha- 2-d mupamua MOXET OBITH MPEICTaB-
yeHueM JIFOO0ro KIII04a HMEET CJIOKHOCTH JeHa Kak Mmin-max nupamuna [5], ecau Mbl
O(1). BcraBka, ymajeHue 3jeMeHTa ¢ MHHU- ycranoBuM key, = -key mist Bcex ys3ioB, rie
MaJIbHBIM 3Ha4eHHEM JIF0O0TO KITIoda, yasie- key; - HCXOMHBIM MUHUMAJBHBINA KITI0Y, a Keys
HUE JIFOOOTO D3JIEMEHTa, TMO3HUIUs KOTOPOTO - HOBBIM MaKCUMaJILHBIM Kirod. OIHaKo ome-
M3BECTHA, U U3MCHEHHE U3BECTHOTO DJICMEHTA panuu it 2-d nupaMuapl ObUTH pa3paboTaHbI
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TakK, 9To Key, u K€y MOryt ObITh MOJHOCTHIO
He cBs3aHbl. J{s aToro ciydas 6onee 3ddex-
TUBHO OYIET HMCIIOJIb30BaHHUE OTepallyid, crie-
UGUUHBIX UTsE Min-maxmnupamua. s ciy-
Yas, B KOTOPOM y3eJl HOPMaJM30BaH IO OT-
HOUICHUIO K TOTOMKaM, B oOmiedl 2-d mupa-
MHUJIC MUHHMAJIBHBI K04 MOXET OBITh B
moboM u3 ero gereil M BHyKoB. OnmHako B
min-max nupamu/ie, eciu B Hel UMeeTcs Ka-
KOW-T1M00 BHYK, MUHHMAIILHBIA KITI0Y OyNeT B
OZIHOM W3 BHYKOB. [lo3TOMY (yHKIIMS TIOTpY-
KCHUS MOKET JIMIIb 10 OYePEIU MPOBEPSATH

Ba3oBble onepanuu Haja K-d nupamugamu
BbIBOIBI U3 paHee M3JI0KEHHOTO MOTYT
OBITH JIErKO 0000mIeHbl s ciaydas K-d mu-
pamuasl Tipu Jo6oM moctossHHoM K. M3Bie-
YCHUE MHUHHMAJIBHOTO JJIEMEHTA M0 KUY
key mpeacTaBieHO MOUCKOM CPEId MOCTOSH-
HOTO YHCJIa y3JIOB MEPBBIX | YPOBHEH, MO3TO-
my Tpedyer O(1) Bpemenn. Ecnu usBieucHue
9YacTO MCIOJB3YETCs, MO3UIIMA MOTYT OBITh
COXpaHEHbl B MaMATH I oOecrieueHus Obl-
AnropurM [IOI'PYXEHUE( y3emn)

Eciy y3es uMmeeT MeHbumM kjou Keyi,

TO OCTAaHOBKA,

MHade IIOMEHATb MeCTaMM y3eJl
OJId4 TIronomepeBa,

BuzBaTh  BCIJIEITHE( V)
y3eur;

BeiseaTh [TOI'PYXEHUE( V) ;
Koner

Co3nanne K-0 mupaMuabl aHAJIOTHYHO
ciydaio ¢ 2-d mupamugoii. OTanyue Juib B
TOM, 4TO JIt00OW YpOBEHb ONMHUCAH MO OTHO-
mennio Kk moxymo K Bmecto 2. ITosromy K-d
nUpaMuIa u3 N3JIEMEHTOB, /e K - KoHCTaHTa,
MOXxeT ObITh co3maHa 3a Bpems O(n). Ilpu
atoM Tpebyercss O(1) BpemeHU A U3BIICUE-
HUSI JJIEMCHTAa C MHUHHMAJIbHBIM 3HAYCHUEM
00010 u3 K Kiltouel; /Ui BCTaBKH, yIaJICHUs
3JIEMEHTa ¢ MUHMMAJIbHBIM 3HAYCHUEM JTF000-
ro u3 K xiroueit U yaaneHus WM U3MCHCHUS
M3BeCTHOTO 3eMenTa Tpedyercs Bpemst O(log
n).

Ha puc. 6 mokazansl 3-d mupamuaa u
pe3ynbTar yaajneHus KopHs. [lomaroBo mpo-
[eTypa BBIMOJIHSACTCS CIICAYIONM 00pa3oM:

Llae 1. Ypansercs snemeHT 1, Ha ero
Mecto BcraBisiercs snemeHT 20. CpaBHUBa-
tores smemeHTel 1 w1 9 mo keyl. OcHoBHOe
CBOMCTBO UpaMUbl HE BBINOJIHsAETCA. MeHs-
€M DJIEMEHTBI MECTaMHU.
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BHYKOB, TIOKa OHHM HE KOoH4Yarcsi. TOYHO Tak e
(bYHKIUS BCIUIBITHSI MOXET MCIIONB30BATh I1e-
PEBEPHYTHI TMOAXOA M HMITH TOJBKO dYepes
MUHHUMaJIbHBIE 1 MAaKCUMAaJIbHBIE YPOBHU. JTO
cHU3HT uucio cpaBHeHudd Ha 50%. B 1menom
oneparmu Ha 2-d mupamupe MOryT OBITh
YIydIIEHBI, €CIIH PEe3yIbTaThl HEKOTOPBIX
CPaBHEHMI COZIEp)KaTCs B pe3ylbTarax HEKo-
TOPBIX APYTUX CPaBHEHHH, Oa3upyrommxcs Ha
M3BECTHBIX OTHOIICHUSX MEXIY JABYMS IpH-
OpHUTETaMH.

cTporo aoctyna. OYHKIHs BCIUIBITHS OCTACT-
cs takoit ke (HezaBucumo ot K), pyHKIuMsS
MOTPYKEHUST MOXKET OBbITh MPECTaBJICHA Clie-
ayronmM obpasom (0bodmeHue ciydas ¢ 2-d
nupamugoi). Ilycte key Oymer kimodom
ypoBHS y31a. HeoOXxoammo HailTh y3em V ¢
HAMMEHBIINM KITFIOYOM Key cpelu MOTOMKOB
y31a B ipeqenax K ypoBHEH.

ueMm V,

n Vv,

KOpHEM KOTOPOI'O ABJIAETCHA

Llaz 2. CpaBHUBAIOTCS dIIEMEHTHI 2 1 9
o key2.OCHOBHOE CBOWCTBO MTUPAMU/IBI BbI-
TIOJTHSICTCSL.

Illaz 3. CpaBHuBarOTCS 1eMeHTH 4 1 9
no key3. OcHOBHOE CBOMCTBO MUPAaMHUIbI HE
BBIMTOJTHSIETCS. MEHsIeM 3JIEMEHTBI MECTaMH.

Llaz 4. CpaBHUBAIOTCS dNIeMEHTH 9 u
19 o keyl. OcHOBHOE CBOWCTBO IMHPAMHU/IBI
HE BBIMIOJHAETCA. MEHsieM 3JIeMEHThI MecTa-
MH.

Crnenyer 3aMeTUTh, YTO CKpHITasl KOH-
CTaHTa INPH YJAJICHUU SKCTIOHEHIIMAJIbHA TI0
k, uro nenmaer omeparuu Hed()(HEKTUBHBIMH,
korga 3HaucHue K crumkom Benuko. (C apy-
O  CTOPOHBI, TPYIOEMKOCTh OIEpaIuu
BCTaBKM HE 3aBUCHT OT K, a TpyaoeMKOCTb
CO3/[aHMS IHPAMUIBI MPONMOPLHOHATbHA K
[7].) Hanee mokaszaHo, 9T0 SKCIOHEHIMATbHAS
3aBHCUMOCTh OT KOHCTaHThI K MOXeT ObITh
yCTpaHEHa TOCiIe JIETKOH —MOIu(pUKAIHA

CTPYKTYPBL.
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6)

Puc. 6. Ynaneunue snementa ¢ MuHUMabHBIM Keyy B 3-d mupamue: a - ucxoaHasi TUPaMU/Ia,;
0 - pe3yNETUpYIONIas TUpaMHUIA

bazoBbie Bo3amoxkHOCTH K-O mupamusi
MOTYT OBITh PACIIMPEHBI I TOAJCPKKU
Apyrux omnepauuid. Mpl KpaTrko IpencTaBUM
HEKOTOPBIC U3 HUX.

Panee Obulo mokazaHo, uro 2-d
MUpaMHIa MOXET  WCIIOIB30BaThCA  JUIS
npeacTaBicHus Min-max nupamua. Ecnm
KaXIbIH 27IeMeHT uMeeT N Kiaroueii Key, ke,

., key, wmbl MoxeM (KOHIENTYaJIbHO)
BKIIIOUHTS eié K kimoueii key, key, ..., key,
rne key = - key, (3Hak <«MHHYC»
MpEeACTABISIET  of1ee GyHKIIMOHATEHOE
oroOpaxenue). 2k-d mupamMuaa CTaHOBUTCS
JIBYCTOPOHHEHN K-mepHO# MAPAMUION.
3aMeTHUM, UYTO HOBBIC KJIIOYM HE HAJ0

XpaHUTh. BMecTo 3TOro oTo0paxkeHne MoXeT
OBITH 3aKOJHMPOBAHO B OIEpALHUAX, MMOITOMY
He TpeOyeTcs TOTIOTHUTEIHOW aMSITH.
O0ObenuHenue 0a3oBbix K-d mmpamun
SBIAETCA CIHOXKHOM 3amadei. B 0coOBIX
cnydasx ~ OuHapHble  mupamunel  (1-d
nupamuzst) peGyror O(logn) Bpemenn s
o0beaUHECHUS, a MIN-Mmax nupaMuibl
(ocoOsbrit Tun 2-d upamu) - MuaEMyM Q(N).
C npyro# cTopoHsl, B [5] mokazaHo, 4To
BBEJICHWE HEKOTOPOrO YHCJIa YNpPOINCHUH B
OCHOBHOE CBOWMCTBO MIN-Max mupaMubl mo-
3BOJIICT TIONYYUTH CTPYKTYPY, TOXOXKYIO Ha
OMHOMHUAJIBHYIO Ouepesib, 00beAUHEHNE KOTO-
poii moxkuo mposectr 3a O(log n).Ocobenno
eciy mupammja pa3oOpaHa Ha OJIOKH, Kax-
Iblii U3 KOTOPBIX CONEPKHT 2 SIEMEHTOB C
YHUKQJIBHBIMU |, B ()OpME MOJTHOTO OMHAPHO-
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ro JepeBa IUIIOC €OUHUYHBIA 3JeMeHT. st
HEYCTHBIX | TMOJIHOE OMHAPHOE JICPEBO SIBIIS-
ercs ympomEHHoH min-max (max-min)mu-
paMuioif (CJI0BO «ympoIIEHHAs» O3HAYaeT,
9TO HEKOTOpBIC Y3JTIbl HE TMOMYUHSIOTCS OC-
HOBHOMY CBOWMCTBY MHpaMH[bl). YK€ OBLIO
MOKa3aHO, KaK JIBa y3Jia OIMHAKOBOTO pa3Mepa
00BEIMHSIOTCS 32 IOCTOSIHHOE BpeMsi, I03TO-
My BCS TUpaMmuja OOBEIUHSETCS 3a Jiora-
pubMuyeckoe BpeMs. OTa TEXHUKAa MOXET
ObiTh 0000meHa 10 K-d mupamun mpocrtoid
JNEKOMIO3UINEH, U UIg TOJHOrO OWHApPHOro
JiepeBa BBICOTHI | KOPEHb OYyIeT UMETh KITHOY
K€Ymod(, ky+1 B yIpoIméHHoM mopsiake. Omnepa-
Uy OyayT OoJiee CIOKHBIMH, HEXEIH B CIy-
Yae ¢ ympoIIéHHBIME MIiN-Max mupaMuaamM,
HO 00Ias CIOoXHOCTh Oymer Takoil sxe. Ha-
npuMep, oObeIUHCHHE JBYCTOpoHHEH K-d
MUpPaMHIBI TaKXKe 3aHUMaeT Jorapudmmye-
CKO€ BpeMms.

[To ompenenenuro, mUpaMuia TOAACP-
*KuBaeT dPGEKTUBHBIN JOCTYI K AJIEMEHTY C
HauOONBIIUM (M/UJIM HAUMECHBIITUM) KITFOUOM.
YacTo 3TO CTAHOBUTCS MNPUYMHON CUTYalWH,
korna (yHKIUS B JOMEHE U3 OAHOTO WK 0O-
Jiee TPUOPUTETHBIX OTHOIICHUH (QopMHUpYeT
HOBOE€ MPHOPUTETHOE OTHOIIEHUE U HA OCHO-
Be HEro obOparimaercs K aneMeHTam. Min-max
nUpaMuia SBISIETCS YacTHBIM cliydaeM. B
o0mmeM ciaydae Bce TMOMOOHBIC Mpeaornpese-
NnEHHbIE, (YHKIMOHAIBHO C(HOPMHPOBAHHBIC
MPUOPUTETHI MOTYT OBITh 3aKOJUPOBAaHBI B
orepary, HESIBHOEC XPAaHEHHE COOTBETCT-
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BYIOIIUX KJIIOYEH HE SIBIAETCS HEOOXOIHUMO-
ctelo. B atom ciywae K-d mupamuasl Moryt
ObITh MCIIOJNIB30BAHbl JUISI  MIPENICTABICHUS
0000IIIEHHBIX TPUOPUTETHBIX ouepernei. [IBy-
CTOPOHHUE MHUPAMHJIbI SIBISIOTCS YaCTHBIM
ciydaeM 00001IeHusI.

[Tupamupl, KOTOpEIE MBI HEJABHO 00-
CYX/1aJli, UMEIOT OYEHb MaJIbIil MOPSIOK OT-
HOIIICHHUH, TT0O3TOMY B JII000H YacTH MUpamMu-
IIbI TIPU HAXOXKJICHUHM MUHUMATBHOTO KITFOYA B
KOpPHE BTOPO HAMMEHBIIHNI K04 MOXKET Ha-
XOIMTHCS TIE YTOAHO Cpeayl MepBhIX K ypoB-
HEW MOTOMKOB. Pe3ynbraroMm 3TOro sBISETCS
TpeOOBaHUE OSKCIOHEHIMAIBLHOTO BpPEMEHHU
s ynanenust anemenrta. Korma K 6osbinoe, B
cllydae ¢ JBYCTOPOHHMMM INPEACTABIECHUSIMH,
ATOT HEIOYET JIOJIKEH OBITh MCIpPAaBIIEH, IS
TOTO YTOOBI TAKUE CTPYKTYPHI TAaHHBIX MOKHO
ObUTIO MpUMEHATH Ha mpakTuke. Kpatko omnu-
IIeM Coco0 PelIeHuUs ATOH MPOOIEMBI.

Bmecto noctpoenust nosHoro OMHapHO-

ro acpesa Ajid nupaMruabl Mbl ITO3BOJIMM KaxK-
nomy y3ny Ha yposHe | (Mmod(i, k) #0) umets
He 0oJiee OHOTO MOTOMKA, B TO BpeMs Kak
(mod(i, k) =0)Bcé emg

y3JIbI HA YPOBHSX |

MOTYT MMETh IBYX. PHC. 7a moka3spiBaeT Mo-
auuIpoBaHHYI0 CTPYKTYpy st 3-d mupa-
MU/IbI, TIPUBEIEHHON Ha puc. Ga. B cmydae
BO3MOXXHOCTH  3(p(peKTUBHOTO  HESBHOTO
NpPE/ICTABICHUS KaXKas 1enodka u3 K y3imoB
MOKET OBITh yITaKOBaHa B OIUH Yy3eI], IMO3TO-
My OCHOBHOE OMHapHOE JiepeBO Bc€ emié oc-
TaeTcs MoJHBIM (puc. 70).

OueBUAHO, YTO ONEpAIMH TOTPYKESHUS
Tenepb TpeOyeTcs MpoBepUTh mociennue 2K
MMOTOMKOB JIsl BbIOOpa MuHuMyMa. C apyroit
CTOPOHBI, BBICOTA MHUPAMUJBI MOYTH B JIBA
pasa MEHbIIE, TIOATOMY BpeMsi, 3aTpaduBac-
MO€ Ha OIEpaluio yIaleHus, CHU3UIOCh JI0
O(kz). CI0XKHOCTh OIEpallii BCTaBKH, OJIHA-
ko, yBenmuumiach 10 K. Taxke MOXHO 3ame-
TUTh HEOOJBIIOE YBEIMYECHUE BPEMEHH IS
onigaulm cozmanus mupamuel (HO BeE eré
O(kn)).

Xots puc. 7 moka3bBaeT MOAU(DHUKAIIIIO
s K=3, Takas CTpyKTypa MpeAnoYTUTEIbHA
ToabKo Tipu Oonbinux K. Ha mpakTuke maibie
3HaueHus K, Hanpumep 2 uin 3, BCTPEYaroTCs
Jame, a B TAakOM CIydae OpHUTHHaJIbHas
CTPYKTypa Oonee s dexTuBHA.

19| [06] [o9

21 14—|

91| |93
10] |11

07] (7] [27]
56| [24] [81]
1

[22] [77
51] [66
26] |91

59] [73] [o7]
92| [28] [e2]
2] s8] 61

6)

Puc. 7. YiydineHHas CTpyKTypa st OOJIbIINX 3HAYEeHHM K U € mpecTaBieHne

3akiroueHue

Msbr  paccmotpenu  K-d mupamuny -
CTPYKTYPY HaHHBIX, 3(HEKTHBHO TPEICTaB-
JSIFOIIYI0 MHOTOMEPHYIO MPHOPUTETHYIO OYe-
peab 0e3 HCIOIb30BaHUS TOMOTHUTEIBHOM
namstd. OnHa Gopma MoAIePKUBACT BCTABKY,
ylajgeHue Jr00ro MUHUMYyMa, CO3IaHHE IH-
pamuzst 32 O(log n), O(Zlog n) u O(K%n) co-
OTBETCTBEHHO (C 0CO0OH MPOCTOTOM oOrepa-
it Uit K=2), B TO BpeMsi Kak Apyrue popMsl
nator Bpemena O(k*log n), O(¥ log n),
O(K?n). (3aMeTHM, 9TO IS THIIMYHBIX 3HAYC-
uuit K pasanua mexay 2 u k% Hesemika.) Bo-
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nee toro, k-d mupamuaa Moxer ObITH paciiu-
peHa IS TOJ/ICPKKH JIBYCTOPOHHUX OIepa-
LUW U ONIEPALMM CIIASHUS.

IMpencrasienne K-d mupaMuabl sBaseT-
Csl OYCHb MPOCTBIM. MBI 3aKOIUPOBAIH OC-
HOBHBIE omepanuu Ha C, 4TO 3aHSI0 OKOJIO
120 crpok kona. [ToaroMy naHHas CTPyKTypa
o4eHb MpakTH4Ha. [loHOE TpencTaBIeHne co
CpPaBHEHUEM MPOHM3BOAUTEIBHOCTH TPUBE/IC-
HO B [6].

OcraroTcst OTKPBITBIMA HECKOJIBKO CBSI-
3aHHBIX CO CTPYKTypoi mpoOseM. MokHO
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YIIYUIIUTh OTPAHWYEHHS [T BCTaBKU U yla-
neHust MmuHEManbHoro smementa g0 O(k*log
Nn), ucrob3ys Toiasko O(N) JOMOTHUTEIHHOTO
OpoCTpaHCTBa. MBI HE 3HaeM, KakK 3TOro

TETHBIX OTHOIICHHUM IS yaydmieHus dddek-
TUBHOCTU omepauuii Han K-d mupamumoii. B
cllydyae JBYCTOPOHHEH MPUOPHUTETHOM ouepe-
I MBI YBUJEIH, YTO TaKWE OTHOLICHUS JAIOT

3HAUUTEIIFHOE CHMKCHUE CIO0KHOCTH. Bo3-
JeficTBUe Ha Apyruc npcaCTaBJICHHBIC OTHO-
HICHUA TaKXKE HOCTOﬁHO HN3Yy4YCHMU.

MOXHO JOCTHYb, UCIONB3YsI HEOOJIBIIOE J0-
MOJIHUTCIIBHOC MTPOCTPAHCTBO.

Jlpyroit ©HTEpeCHON MPOOIEMON SBIIS-
eTcs mpobieMa HCIOIb30BaHUS MEKIIPUOPHU-
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